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Abstract 


The  problci.  of  orlculatin£  transition  probabilities 
in  tvo-level  systems  is  studied  in  the  lin.it  where  the 
detuning  is  lar^c-  compared  to  tne  inverse  0  ar  at  ion  of  th: 
interaction.  ^Couplinj  potentials  whose  Fourier  transfer; 
V  (u  )  are  of  the  font.  *'(<..  )o  1 1  *'*  '  fer  lnrye  fro uuunai  tr 

(dive  rise  to  solutions  vric.h  ;;.r.y  ;e  classified  into 
families  according  to  the  fcr;;.  of  V.ithi  n  each, 

family,  tr.-r.sisiDa  rr<>*.  rlilitJ  ea  may  he  calculates  frcu 


formulae  that  differ  only  in  the  nnr.eri cal  vrjue  of 
a  scaling  rrra;  .-<er.  in  cases  where  the  ccvslin.y  furec.i 
lias  a  pole  in  the  eon;  lex  t  itie  pi ar.e ,  the  families  arc 


identified  with  the  order  of  this  singularity.  In  par¬ 
ticular,  for  poles  of  first  order,  a  connection  with  the 
i’.osen-Zencr  solution  can  tc  made. 


Tiie  analysis  is  perfcrr.ee;  via  hiyh-order  perturbat: 


expansions,  wliich  are  shown  to  always  convolve  for  two- 


lcvel  systems  driven  by  coupling  potentials  of  finite 
pulse  area.  ' 


1 


Iii  r.my  areas  of  physics,  one  encounters  problems  involving  rwo 


stater,  of  a  quantum-mechanical  system  couple..  by  a  time-dependent  po- 
l-]0 


tential 


In  the  i  nteraction  representation,  the  equations  of  notion 


for  a  and  a,  the  probability  amplitudes  of  levels  1  and  2,  are  of  the 

1  i~ 


for;: 


l  lift 

id,-  \/(Oe  aa, 
;  a^  -  VH)e.  ‘a,, 


(la ) 

(lb) 


where  u  is  the  fre  _:u>.  i  cy  separation  of  the  states  and  V  (t )  is  the  couplii^, 
potential.  Jecay  effects  are  reflected  in  Lqs .  (l )  (and  throughout  this 
paper )  and  ve  work  in  a  systu:  of  units  in  which  i;  =  1 . 

Iquntions  of  this  type  arise  in  m-_nj  semielarsical  pirobicns .  A 
problem  of  current  interest  to  vhi eh  they  apply  is  the  coupling  of  two 
levels  of  an  atom  by  a  laser  pulse  that  has  a  temporal  width  which  is 
small  compared  to  the  natural  lifetimes  of  the  levels.  The  pulse ,  V  (t ) 
is  of  the  form 

V/to=lM(t>c  osJL-fc,  (2) 

where  fi  is  the  central  frequency  cf  the  pulse,  and  2A(t)  is  the  envelope 

.  I  £?-{.>  I 

function  of  its  a::ipl  itude.  Assuming  that  - — L  <<  1,  one  can  recast 

^  1»  »*Ui 

hqs .  (l)  in  terms  of  A,  the  detuning  of  the  pulse  from  resonance  (ro¬ 
tating  wave  apprcoci  mati  on)  as 


.  I  A± 

ia,-/}te)e  aay  <*> 

-:£t 

/  &z  ~  /?/z')  €  CL ,  .  (a) 

■my.  (3)  or  (l)  ure  over:  lively  s  i:..-.  1  v  ii.  Ter:-.,  and  or  v  :..iyht,  at 
first  glance,  believe  that  the  ay  a  ter.  rust  be  eov.pl  etcly  under:,  too.: ,  so 
that  nothing  rer.ui ns  to  be  invest: pa  te  d  ut  the  equal  ions  cr  their  so¬ 
lution.  Actually,  there  is  very  little  at  c  u;  lee  over-:'!  pssiitnth 

nr t urc*  of  the  solution?  to  i-y. .  (3)  for  art  3 trr.r.v  >.  ,t).  A:  :.-t  Cry:  a:.y  i 
trjnsic  interest  one  r'yht  have  in  t’.r.  by  jar. leu  t  f  t-.;o-:eVel  .  ii.s,  ru 
infonration  coulu  be  useful,  for  exry.ple,  in  pi  ue.t.'c  r.r  vhcr«  er.e  tin., 
to  choose  trie  pulse  shape  to  r.nxi i..i  :•«  the  exei  t'.i  .'.on  ;rcl:lil't.y  *‘or  a 
tiiven  detur.i ny  A. 

'i’o  aporeo j ate  that  our  assertion  e.v ■r.eernii.i.  the  lach  of  i.r.pvlf  lye 
about  the  behavior  cf  rysti ocacrioeu  b;  Lrs  ,  (_)  is  valid,  one  need 
only  rcce^ni  re  that  the  an:, to  the  follov;'  ry  suer. ti on  is  not  Inrun 
in  general,  "ttartiiy  with  initial  conditions  a  (-<•*)  =  2,  a, *  0,  ho 
does  the  probability  : .;>! ituse  a., it)  depend  qualitatively  on  tire  pulse 
area  i,  defined  by 

on  the  detuning,  and  on  the  shape  of  the  envelope  function  A(t)?1 

A  response  to  this  quci'y  can  be  i..ade  for-  a  limited  number  of  cases. 

f 

Analytic  solutions  are  available  if  A  (t )  belongs  to  a  class  of  functions’ 
(incluuint;  the  hyperbolic  secant  of  Kor.cn  and  honor'  ’’  )  nappable  i  nto  the 
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pulse  urea  i.  to  be  twice-  that  of  fl.  .  This  imr.euj  ately  yi  vc  s  the 
Itn'tc  dctui.ii^  ov*a linj  lav;  for  tac*  Lorei.tr.ian 


r\j 

a2L  -  -i  JoTT  3"Pl(°<)  Sm 


This  result  has  been  independently  obtained  by  earryinb  out  an  asymptotic 
solution  of  hqs  .  One  car.  also  show  that  for  the  pulse  A  - 

3C  cosechiTX,  the  appropriate  scaling  lav  is 


Q  ac.  ~  ~  ' 


5  m  3, 


For  the  hyperbolic  secant  pulse,  the  trunsitior  ar..p  1: tude  vanishes 
for  j-ulse  areas  p  =  nr,  u  integral  for  all  uctur.i  s  .  The  -o-vntsinn, 
on  the  other  bans ,  has  eigenvalues  p  *  r.r  for  aero  hotunirg,  untie  those 
for  large  detuning  are  3  -•  fntr.  The  eigenvalues  of  A  £o  fra:.;  rr  at 

_  x.  nfi 

O'  =  0  to  —  as  a  -*■<«. 

Tiie  existence  of  a  pol e  at  x=i  is  a  sufficient,  but  r.ot  a  necessary 

condition  that  the  asymptotic  Four? er  transform  of  r.  coupling  pulse 

*•*  p(w)e  For  example,  the  function  (l+x£')  c  has  an  asym.toti c 

1  /L'  —v  1  /'' 

Fourier  transform  proportional  to  v  e  .  The  factor  v  p recli.u.-s 
dcuucii.t,  the  asy::.p:totic  transition  amplitude  from  the  Foson-Tcr.er  formula 
similarly,  the  squares  of  the  hyperbolic  secant  ana  of  the  borontriar.  cue 

have  poles  of  second  order  at  x=j  ,  with  the  eonsc-iUe;  oe  that,  for  Loth 

i  _  I  v  I 

of  these,  V  V  e  1 ,  so  that  while  these  will  have  asymptotic 
transition  amplitudes  that  arc  related  to  each  other,  tiiey  cannot  be 
obtained  by  scaling  frem  ho.  (>. ).  In  our  next  paj  er ,  ve  shall  show 


how  to  calculate  asymptotic  transition  amplitudes  when  the  coupling 
pulse  has  second-  a  no  higher-order  poles  at  x=i  .  For  now,  v;e  merely' 
present  t'ue  formulae  for  the  transition  amplitudes  generated  by  the 
squares  of  the  hyperbolic  secant  and  Lorentzian 


q4(HJ)=- 

aA{  L3)= 


a? r  - 


I-cre 

•  3TT 

I  O 


-1*1 
£  Sfn 


0a) 


) 


where  C  =  1  +  p  +  +  f>,„  +  ~  1.191).  bauation  (9a)  can  be  obtained 

0  ?0  j.0d 

from  n.q.  (9b)  by  scaling  techniques  derived  ir.  this  paper. 


III.  Nummary  and  Conclusion 

In  this  paper,  we  have  demonstrated  that  pulse  shapes  A (t ) 
whose  Fourier  transforms  asymptotically  approach  the  form  ^ (v)c"^V^ , 
where  is  slowly  varying,  may  be  categorized  into  f  ami  lies  which  differ 
according  to  the  function  cf;.  V.'ithin  each  family,  the  transition  ampli¬ 
tudes  a,,!")  arc  related  by  simple  sealing  laws,  so  that  if  one  is  able 

r_ 

to  derive  an  expression  for  the  transition  amplitude  generated  by  one 
member  of  the  family,  corresponding,  formulae  fer  all  other  members  of 
the  family  may  be  written  down  by  inspection. 


A  sufficient  condition  that  the  Fourier  transform  be  of  the 
required  form  is  that  it  be  obtainable  in  the  asymptotic  region  cs  a 
contour  integral  evaluated  from  the  residue  at  a  single  pole  on  the 
imaginary  tine  axis.  For  the  case  where  A (t )  has  simple  poles,  a  (") 


19 


-  .»*VL-r0er.jv 


r  Lur  l  '  it. . 


V.c  i<.  4.r.'i‘  v  hc-r»-  t  ^hv  r-evf  *rV:ttio;;  rcrios  for  a0  eor.verj.c 

Lie;,  of  crut"  (hh+1  )  ir. 


l:.o  co:.fr 


for  it'll  i'i:.s.  t<-  •  ul.;-'*  \r 

1  .A'Uita.) 

b,  =->P  ax  --  • 

^+i  *  ..vk,  ifef!  f"; 

-,*(i  (-A  j£u.)e  J a,  j|  ]-P(>yle  d* 


V/ 

—  C^> 


d  ’ 


*ov.  i : .I  v  .  v  f  ::rvh  it  (x  j  11^  of  c  j  1 1__  o  i- -i  ^  1 1  r’o r  cl  •  *•  r  . . * c  .*h  -L  *5 t . ;  o  i 

Get:'  r-il i tv  vc  lurj  fu!.-  tt  ;:;  to  re  :  c.i.  1 1  ivo .  '••f  r  ••■.•.  n:-o  the;  jt.ri'ju  v\ 
the  correct  or.hir,:  fer  ,i  -  0. 


eft) 


Jft+J  & 


oi 


ft+l  ^‘-1 


r  '  *7 


c 


L=-;§  to  r(x')Jx.ji  ^ 

,  .  j=<2  Jr< 


-PCX 


y  ;C1 d 


•s-ft-W  &/■>  q: '{  ro  < 

-lP>  ("  l)  yf  OOl^K/  |j  J  J^*}’ . 


cA 


r  ,  J  ~  -TOO 

jft-4  1  ®  K  •  , 

c;:  -:c  1 


—  Ofc 


*3  -T 


Cei 


InvohirG  the  theorem  or  re.  ui-.tc.a  Lv.^n 

(so  .;3lt+' 


»0 


(<P-fc  +  I 


u!M  ti.o  ter:.::;  nrc-  roe  i  re. 


fjirx-t:  or. 

ob+i 


e  f  1  If  U  Si 


i*ov  t:onr, id  or  1  •  :o  s er i v s 


References 


3..  L.  Allen  and  J.h.  Ebci-ly,  Optical  Resonance  and  Tvo-I.cvel  Atoms. 
(Wiley,  liev  l'ork,  1975).  This  vork  includes  an  extensive  bibli¬ 
ography  for  the  tvo-level  problem. 

2.  N.  Rosen  and  C.  Zener,  Rhys.  Rev.  A  lQ,  902  (1932). 

3.  R.T.  Rcbiscoe,  Phys .  Rev.  A  17 .  2l*7  (1978). 

h.  R.T.  Robiscoe,  Phys.  Rev.  A  25,  1178  (1982). 

5.  A.  Bambini  and  P.R.  Borman,  Phys.  Rev.  A  23.  2^96  (1961 ). 

6.  E.J.  Robinson,  Plays.  Rev.  A  2E_,  2239  (l98l). 

7.  A.E.  Kaplan,  Eov.  Phys .  -  J1TP  hi,  E09  (1976). 

8.  M.G.  Payne  and  M.ii.  I’ayfeh,  Phys.  Rev.  A  13,  595  (1976). 

9.  D.S.F.  Crothers  and  J  .C .  Hughes,  J.  Phys.  B  10,  1557  (1977). 

10.  D.S.F.  Crothers,  J.  Phys.  E  11,  102?  (1978). 

11.  E.J.  Robinson,  J.  Phys.  B  P5_,  22l<3  (l?6o). 

12.  P.R.  Berman  and  E.J.  Robinson,  (unpublished). 


-  2k  - 


